It is proved that, if n is sufficiently large compared with d, then the smallest number of edges in a 2-connected graph with n vertices and diameter at most d is exactly (dn − 2d − 1)/(d − 1) .
Introduction
In this paper we consider finite undirected simple graphs. Let F(n, d) denote the set of 2-connected graphs with n vertices and diameter at most d, and let f (n, d) denote the minimum number of edges taken over all graphs in F(n, d). This number has been investigated previously. In particular, Bollobás ([2] , see also [3, pp. 188, 194] ) proved that f (n, d)/n → d/(d − 1) as n → ∞. There was an attempt to find the exact value of f (n, d) in [5] , but unfortunately the proof of the relevant theorem was wrong. In [1] the present author considered the basic ideas and methods in solving this problem. In this paper, we shall find the value of f (n, d) exactly, provided that n is sufficiently large compared with d. To explain what we mean by "sufficiently large", define 1) and note that these are integers. (Throughout the paper, the letters d, k, l, m, n, p, q denote only integers.) In this paper we will prove the following theorem. 
It follows that f (n, d) g(n, d) .
Caccetta [4] 
has shown in that f (n, d) = g(n, d) if d 4. Note that, since m is an integer, m g(n, d) if and only if m g(n, d).
In order to prove Theorem 1, it therefore suffices to prove the following result.
Theorem 2. Let d 5 and let G be a 2-connected graph with n vertices, m edges and diameter at most d, where n z 1 if d is odd and n z 2 if d is even. Then m g(n, d).
In Section 2 we give some corollaries of Theorem 1. The rest of the paper is devoted to a proof of Theorem 2. We shall assume throughout the proof that G is a graph satisfying the hypotheses of Theorem 2 but not the conclusion, so that
The graph G will have vertex-set V (G) and edge-set E(G). The distance between two vertices v and w will be denoted by d (v, w) , and if W is a set of vertices then the distance between v and W is defined to be
Corollaries of Theorem 1
The following result, proved by Bollobás [2] , follows immediately from Theorem 1.
Let G be the union of k paths of length d and one path of length l +1, these k+1 paths all having the same pair of endvertices but being otherwise disjoint. It is easy to see that G ∈ F(n, d, 2d −2) provided that n 2d, and |E(G)| = kd
if n 2d, and the result follows from this and (2.1).
Charging and threads
A thread is a path in G whose interior vertices all have degree 2 in G. (The endvertices may or may not have degree 2.) An l-thread is a thread of length l.
Our main tool in the proof of Theorem 2 is the charging method. We start by assigning charge 2 to each edge of G. 
We shall use the following scheme several times, each time with different choices of G 1 , G 2 , V 0 and p max . In each case, G 1 and G 2 will be subgraphs of G and V 0 will be a separating set of vertices such that
Each graph G i will have n i vertices and m i edges (i = 1, 2), and n 0 will denote |V 0 |. Typically, we shall use the charging method in G 2 to find a lower bound for m 2 , and we shall use other methods to find a lower bound for m 1 ; for example, if G 1 is connected then we have the obvious lower bound m 1 n 1 − 1. For positive integer p, V p will denote the set of vertices of G 2 at distance p from V 0 . In each case p max will be defined to be sufficiently large so that V (G 2 ) is the union of the sets V p (0 p p max ), but some of these sets could conceivably be empty.
To avoid double subscripts, write q = p max . A special vertex is a vertex of degree 2 in V q . A special thread is a thread T : v p v p+1 . . . v q such that v i ∈ V i for each i, v q is a special vertex, 0 p q − 1, and if p > 0 then deg(v p ) 3. We say that T starts at v p , ends at v q , has first edge v p v p+1 and has final edge v q−1 v q . If z is a special vertex then each edge between V q−1 and z is the final edge of exactly one special thread, and so exactly one or two special threads end at z. A weak vertex is a special vertex that is the endvertex of exactly one special thread, whose starting vertex is in V 0 .
A vertex v is happy if after the process of charging vertices we get deg (v) 2d/(d − 1). We shall now use these ideas to prove the nonexistence of long threads in our graph G. 
Rule 2: An edge xy with x ∈ V p and y ∈ V p (0 p p max ) contributes charge 1 towards each of deg (x) and deg (y).
from an edge xv with x ∈ V p−1 , and since G is 2-connected there is one (if deg(v) = 2) or at least two further edges (if deg(v) 3) incident with v which must contribute at least 2p
. We therefore make a modification to the charging rules, as follows.
Rule 3 
This contradicts (1.2), and so Lemma 3.1 is proved.
Lemma 3.2. There is no d-thread in G.
Proof. It is convenient to divide the proof into two parts depending on the parity of d. Let us show that
In order to prove (3.3), we wish to define charging rules in 
We must now find a lower bound for m 1 Combining these results with (3.3) and using the fact that n − n 0 = (n 1 − n 0 ) + (n 2 − n 0 ), we find that 
It is easy to check that a lower bound for m 0 and m 1 remains the same as in the case of odd d. So we can use (3.4) also for even d and get again the contradiction with (1.2). Hence, we completely proved that there is no d-thread in G.
Lemma 3.3. There is no (d − 1)-thread with an endvertex of degree 3 if d is even.
Proof. Suppose G contains a (d −1)-thread T with endvertices u, w, where deg(w)=3, and let u 1 , u 2 be the neighbours of w that are not interior vertices of T, where possibly It is convenient to divide the remainder of the proof into two cases depending on the parity of d.
The proof for odd d
To complete the proof for odd d, we will distinguish two cases. Case 1: There is a vertex u in G such that every vertex within distance (d − 1)/2 of u has degree at most 3d − 1. (The significance of the bound 3d − 1 will become apparent in Case 2.) We use the scheme described in the previous section. Let V 0 consist of all vertices of G at distance exactly (d + 1)/2 from u, and let G 1 be the subgraph of G induced by all vertices distant at most (d + 1)/2 from u. Then G 2 is determined by (3.1), and every vertex of G 2 is within distance p max = (d − 1)/2 of V 0 . Note that there are at most 3d − 1 vertices of G 1 at distance 1 from u, at most (3d − 1)(3d − 2) vertices at distance 2, and in general at most (3d − 1)(3d − 2)
where
Proof. Since |V (G 2 )\V 0 | = n − n 1 , in order to prove the claim it suffices to redistribute charge in G 2 so that
It is convenient to do this by means of three initial rules followed later by an additional rule. The initial rules are as follows. Note that m 1 n 1 − 1 since G 1 is connected, and so, by Claim 4.1 and (1.2),
This rearranges to Let V 0 be the set of vertices of G with degree at least 3d, let p max = (d − 1)/2, and for 1 p p max let V p be the set of vertices at distance p from V 0 .
As in Case 1, we specify three initial charging rules, followed later by an additional rule. The initial rules are as follows. 
The proof for even d
We again distinguish two cases. Case 1: There is a vertex u in G such that every vertex within distance (d − 2)/2 of u has degree at most 2d − 1. (The significance of the bound 2d − 1 will become apparent in Case 2.)
Let V 0 consist of all vertices of G at distance exactly d/2 from u, and let G 1 be the subgraph of G induced by all vertices distant at most d/2 from u. Then G 2 is determined by (3.1), and every vertex of G 2 is within distance p max = d/2 of V 0 . Exactly the same reasoning that gave rise to (4.1) now gives 
